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Topological phases of matter remain a focus of interest due to their unique properties – fraction-
alisation, ground state degeneracy, and exotic excitations. While some of these properties can occur
in systems of free fermions, their emergence is generally associated with interactions between parti-
cles. Here we quantify the role of interactions in general classes of topological states of matter in all
spatial dimensions, including parafermion chains and string-net models. Using the interaction dis-
tance [Nat. Commun. 8, 14926 (2017)], we measure the distinguishability of states of these models
from those of free fermions. We find that certain topological states can be exactly described by free
fermions, while others saturate the maximum possible interaction distance. Our work opens the door
to understanding the complexity of topological models and to applying new types of fermionisation
procedures to describe their low-energy physics.
PACS numbers: 03.67.Mn, 03.65.Vf, 03.67.Bg
Introduction.– A striking feature of many-body sys-
tems is their ability to exhibit collective phenomena with-
out analogue in their constituent particles. Many re-
cent investigations into exotic statistical behaviours fo-
cus on topologically ordered systems [1] that support
anyons [2, 3]. These systems, such as spin liquids [4] and
fractional quantum Hall states [5], exemplify the non-
perturbative effects of interactions in many-electron sys-
tems. On the other hand, there are systems such as 2D
topological superconductors, which support topological
excitations – Majorana zero modes [6, 7]. These systems
can be modelled by free fermions but lack topological
order. Hence, a general question arises: is it possible
(and with what accuracy) to describe a given topological
state, with anyonic quasiparticles, by a Gaussian state
corresponding to some free system?
In this paper we show that a broad class of topological
states admit free-fermion descriptions. We use the inter-
action distance DF [8] to measure their distinguishabil-
ity from free-fermion states. We consider parafermion
chains [9], which are symmetry-protected topological
phases, as well as two- and three-dimensional string-
nets [10, 11], and Kitaev’s honeycomb lattice model [12].
These models include RG fixed points of general fami-
lies of topological systems with excitations that exhibit
anyonic and parafermionic statistics. Generally, we find
a broad distribution of DF values for the ground states
of these models. For example, we show that some mod-
els nearly maximise DF , while others have ground states
that are Gaussian states with DF = 0, even if their en-
ergy spectra cannot be given in terms of free fermions.
We support these results by analytical arguments at the
fixed points of various models. In addition, we provide
strong numerical evidence that the same conclusions hold
away from fixed points. Thus, we establish DF as a new
measure of the complexity of topological models. More-
over, as DF is defined for a quantum state instead of
the full spectrum of a system (like the well-known Bethe
ansatz techniques), our results open the way for inves-
tigating new types of fermionisation procedures for de-
scribing the low-energy physics of interacting systems
with DF = 0.
Interaction distance.– To quantify how far a given state
is from any Gaussian state, we define the interaction dis-
tance [8] as DF (ρ) = minσ∈F D(ρ, σ), i.e., the minimal
trace distance, D(ρ, σ), between the reduced density ma-
trix ρ of a bipartitioned system and the manifold F ,
which contains all free-fermion reduced density matrices,
σ. It was proven [8] that DF can be expressed exclusively
in terms of the entanglement spectrum [13] as
DF (ρ) =
1
2
min
{}
∑
a
|ρa − σa()|, (1)
where ρa and σa are the eigenvalues of ρ and σ, re-
spectively, arranged in decreasing order [8]. For Gaus-
sian states we have σa = exp(−0 −
∑
j jnj(a)), where
{j} is the set of variational single-particle energies cor-
responding to free fermion modes and nj(a) ∈ {0, 1}
is the modes’ occupation pattern corresponding to the
given level a of the entanglement spectrum [13, 14]. In-
tuitively, DF is dominated by the low-lying part of the
entanglement spectrum and it reveals the correlations be-
tween the effective quasiparticles emerging from interac-
tions [13]. Hence, DF is expected to be stable under per-
turbations that do not cause phase transitions [8]. We
next apply this measure to quantify the distance of vari-
ous topological states of matter from free fermion states.
Parafermion chains.– The 1D Ising model can be
mapped to the Majorana chain by means of a Jordan-
Wigner transformation [15, 16]. Similarly, ZN>2 gen-
eralisations of the Ising model known as the clock Potts
model can be expressed in terms of parafermions [17, 18].
Parafermion zero modes may be physically realised at in-
terfaces between 2D topological phases [19, 20]. They are
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2described by the Hamiltonian
HZN = −
∑
j
α†2jα2j+1 − f
∑
j
α†2j−1α2j + h.c., (2)
where the parafermion operators satisfy the generalised
commutation relations αjαk = ωαkαj for k > j, where
ω = ei2pi/N and (αj)
N = 1. Majorana fermions corre-
spond to N = 2. Recently, phase diagrams of such mod-
els have been mapped out numerically [21, 22]. Here we
focus on the gapped regime away from the critical points
or critical phases [23], and neglect other possible terms
(e.g., chiral phase factor) in the Hamiltonian.
We first consider the system at its fixed point f = 0
and we place the bipartition between regions A and B at
a (2j, 2j + 1)-link, as shown in Fig. 1 (Top). This gives
a N -fold degenerate spectrum ρ¯(N), with ρ¯a = 1/N for
all a [9], where the overline, ρ¯, denotes the density ma-
trices with flat spectrum. We would like to determine
the optimal free state corresponding to such a flat prob-
ability spectrum. Let n be the greatest integer such that
2n ≤ N . We surmise that the optimal free fermion spec-
trum is of the form
σansatz ' diag
(
N−1, . . . , N−1, p, . . . , p
)
, (3)
where there are 2n entries for each value N−1 and p.
Normalisation tr(σansatz) = 1 fixes p = 2
−n −N−1. This
ansatz is an element of the variational class F , hence
D(ρ¯, σansatz) forms an upper bound for DF (ρ¯(N)):
DF (ρ¯(N)) ≤ 3− N
2n
− 2
n+1
N
. (4)
To evaluate D(ρ¯, σansatz) we pad the spectrum of ρ¯(N)
with zeros, a procedure always viable as it leaves the
entropy invariant [8]. We find that the numerically com-
puted DF (ρ¯(N)) is in remarkable agreement with this
upper bound, as shown in Fig. 1 (Bottom). We analyt-
ically proved that the two values coincide for N ≤ 6,
while we numerically verified it for up to N = 28 [24].
Hence, we conjecture that the upper bound of Eq. (4) is
the exact maximum of DF (ρ¯). This result also applies to
the 2D and 3D models presented below.
From Eq. (4) we find that the maximum of the inter-
action distance is DmaxF = 3 − 2
√
2. This maximum is
approached by rational approximations N/2n of
√
2 for
increasing n, as shown in Fig. 1 (Bottom). By the exhaus-
tive numerical maximisation maxρDF (ρ) for random ρ,
we have not found states with interaction distance larger
than DmaxF [24]. Hence, this appears to be the maximum
possible value of the interaction distance for any state.
The behaviour of the interaction distance for the flat
spectra of parafermion chains, shown in Fig. 1 (Bottom),
exhibits a recurring pattern, indicating that ρ¯ has ex-
actly the same interaction distance as 12 (ρ¯ ⊕ ρ¯). This
doubling of the spectrum is equivalent to adding a zero
fermionic mode to ρ¯, which is decoupled from the rest
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FIG. 1. (Top) Parafermion chain at a fixed point with bipar-
tition into A and B. (Bottom) Interaction distance, DF (ρ¯),
for flat spectra of rank N . The solid blue line is the analyti-
cal upper bound given in (4) and attains maximal value DmaxF
(dashed line). The dots are results of the numerical optimi-
sation and they coincide with the analytic upper bound.
of the modes [25, 26], and thus it is not expected to
change its interaction distance. We conjecture that for
a generic ρ, i.e., with a non-flat spectrum, we still have
DF
(
1
2 (ρ⊕ ρ)
)
= DF (ρ), which is supported by system-
atic numerical evidence [24].
In conclusion, we find that ZN 6=2n parafermion chains
exhibit DF 6= 0, indicating that they are interacting in
terms of complex fermions, while the inequality (4) gave
DF = 0 for all Z2n models. These results have been
derived at the fixed point (f = 0), and now we address
their validity away from the fixed point. The entangle-
ment spectrum and, as a consequence, the interaction
distance, can distinguish between the universal and non-
universal properties of gapped systems [8, 13]. When the
parafermion chain is away from its fixed point, it acquires
a non-zero correlation length, ξ. To identify the universal
properties of the system through DF , the linear size, LA,
of the partition A should be LA  ξ. The non-universal
part is exponentially suppressed in a gapped phase and
DF predominantly describes the topological properties
of the system, as shown in Fig. 2. In this figure we see
that Z4 has DF = 0 for any value of f , while the interac-
tion distance for Z3 approaches a step function through
the phase transition. Hence, when the parafermion chain
is away from criticality, its ground-state DF is a robust
characteristic of the topological phase. The value of DF
is accurately given by the upper bound, Eq. (4), for suf-
ficiently large system and partition sizes.
We have also studied the excited states of parafermion
models. In the Z2n cases, it can be shown that DF = 0
for all excited states at the fixed point. However, at any
finite f > 0, the excited states in general have non-zero
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FIG. 2. Interaction distance for the Z4 parafermion chains of
length L = 8 and Z3 of length L = 12, with various partition
sizes, LA, as we move away from the fixed point, f = 0. While
DF = 0 for Z4 for all values of f , it becomes a step function for
Z3 as the partition size increases. (Inset) log(DF (ρ¯(3))−DF )
for the Z3 chain shows that DF converges exponentially to its
fixed point value DF (ρ¯(3)) as we increase LA.
DF (with the exception of single quasiparticle excitations
above the ground state, which remain approximately free
for f > 0 close to the fixed point). This is consistent
with the models, e.g., Z4, being non-integrable for general
f [9], although its ground state remains Gaussian.
To identify the free fermion description of the Z4
ground state we employ a matrix product state ap-
proach [24]. For simplicity we restrict to the f = 0 fixed
point. One can express the ground state of Z4 in terms
of the Gaussian ground state of Z2 × Z2 (which has the
same entanglement spectrum) with the help of the rota-
tion, U = ⊗jUj [24], where the local unitaries Uj , acting
on each site j of the chain are given by
Uj =

1 0 0 0
0 0 1 0
0 v 0 v∗
0 v∗ 0 v
 , (5)
where v = 1+i2 . From this relation between the ground
states we can identify the parent free fermion Hamilto-
nian, H freeZ4 , that has the same ground state as HZ4
H freeZ4 = UHZ2×Z2U†, (6)
where HZ2×Z2 is defined similarly to the Hamiltonians in
(2). This local Hamiltonian gives rise to the same zero
modes localised at the end points of a chain like the Z4
model. Nevertheless, their excitation spectra need not
coincide. The construction in Eq. (6) can be extended to
all Z2n models with DF = 0. Note that in the case of
Z2 parafermions the corresponding parent Hamiltonian,
H freeZ2 , is identical to the HZ2 , which describes the Majo-
rana chain.
String nets.– We now turn to the string-net mod-
els [10, 27]. These are 2D RG fixed-point models that
support topological order and anyon excitations. The
models are defined in terms of irreducible representa-
tions or ‘charges’ of a finite group, C = {1, ..., n}, that
parametrise the edges of a honeycomb lattice, as shown
in Fig. 3 (Left). These charges obey the fusion rules
x × y = ∑z Nzxyz, where Nzxy is the multiplicity of each
fusion outcome. For each charge, x, the quantum dimen-
sion dx is defined that satisfies dx × dy =
∑
z N
z
xydz.
The ground state of a string-net model can be inter-
preted as a superposition of all configurations of charge
loops. The probability spectrum from any bipartition
into single component regions A and B is determined by
all string configurations, a, on the boundary ∂A which
fuse to the vacuum
ρa =
∏
j∈a dxj
D2(|∂A|−1) , (7)
where D = √∑x d2x is the total quantum dimension of
the group and xj is an element of the configuration, a, of
charges at the boundary links, as shown in Fig. 3 (Left).
Hence, we can directly evaluate the entanglement spectra
of all string-net models, Abelian or non-Abelian, and for
any partition [28].
We initially consider string-nets defined with an
Abelian group ZN . These models have dx = 1 for all
x ∈ C and thus D = √N . From Eq. (7) we find that the
corresponding probability spectrum for any bipartition
is flat with degeneracy N |∂A|−1. Hence, the interaction
distance DF is directly determined from Eq. (4) as in the
case of parafermion chains.
The cases with N = 2n can be exactly described by
fermionic zero modes, giving DF = 0 for any partition
size. Hence, the ground states of these models are Gaus-
sian states. This is a surprising result as anyonic quasi-
particles are expected to emerge in interacting systems.
Nevertheless, the optimal free states are not necessarily
local and their energy spectrum is not necessarily given
by filling of single fermion modes. For N = 2 we ob-
tain the well known Toric Code [29]. We now show that
the fermionisation of this model is given in terms of free
lattice fermions coupled to a Z2 gauge field.
Kitaev’s honeycomb lattice model [12] is an interact-
ing model that supports vortices with Abelian Toric Code
or non-Abelian Ising anyonic statistics, depending on its
coupling regime. Nevertheless, for fixed vortex configura-
tions its Hamiltonian is reduced to free fermions living on
the vertices of the honeycomb lattice coupled to a static
Z2 gauge field u that resides on its links [12]. When we bi-
partition the ground state of the system the reduced den-
sity matrix splits into a gauge and a fermionic part, i.e.
ρ = ρ¯u⊗ρφ [30]. The gauge part corresponds to a Z2 flat
spectrum giving DF (ρ¯u) = 0 and the fermionic part cor-
responds to free fermions with DF (ρφ) = 0. This means
that ρ, as a tensor product of free fermion entanglement
spectra, has also DF (ρ) = 0 for any partition, rendering
the ground state Gaussian. Hence, free fermions coupled
4FIG. 3. (Left) The string-net model on a honeycomb lattice
with a bipartition into A and B. A configuration of charges
xj is depicted at the links of the boundary ∂A. (Right, Top)
Distribution P (DF ) of the interaction distance for varying
|∂A|. (Inset) The dots represent the numerically obtained
interaction distance as a function of |∂A|. (Right, Bottom).
Plot of DF for SU(2)k against k for a partition with |∂A| = 3.
to a Z2 gauge field provide the fermionisation prescrip-
tion of the Z2 string-net model.
For string nets with N 6= 2n, DF is always non-
zero. In particular, its value depends on the size |∂A|
of the partition boundary. We investigate its behaviour
by studying the distribution P (DF ) of DF by vary-
ing the size |∂A| of the boundary for a certain model
ZN . This distribution can be shown to be given by
P (DF ) = 2ln 2/
√
1 +DF (DF − 6), which, surprisingly, is
independent of N [24]. Hence, there exist partitions that
asymptotically maximise DF for all N 6= 2n, as shown
in Fig. 3 (Right, Top). Therefore, all ZN Abelian string-
nets either admit a free-fermion description for any par-
tition or they form a class for which the manifestations
of interactions are equivalent.
We next consider the non-Abelian string-net models.
For concreteness, we take the finite group to be SU(2)k
for various levels k ≥ 2. This group gives rise to string-
net models that support a large class of non-Abelian
anyons, such as the Ising anyons for k = 2, with statistics
similar to Majorana fermions, or the Fibonacci anyons
for k = 3, that are universal for quantum computa-
tion [31, 32]. For simplicity we consider the interaction
distance for a single site partition that has |∂A| = 3. We
find that DF 6= 0 for all k ≤ 20, as shown in Fig. 3 (Right,
Bottom). Hence, it is not possible to find a free fermion
description of these non-Abelian string-net models. Nev-
ertheless, it is possible to have chiral non-Abelian models
that are not RG fixed points, which admit a description
of their ground state in terms of free fermions. As we
have seen, Kitaev’s honeycomb lattice model falls in this
category.
The string-net construction given above for 2D topo-
logical models directly generalises to 3D topological sys-
tems, with entanglement spectra also given by Eq. (7).
A more powerful generalisation is in terms of the Walker-
Wang models, which have a rich behaviour in their bulk
and at their boundary [11]. Investigation similar to the
string-net SU(2)k models shows that the interaction dis-
tance depends not only on the size of |∂A|, but also on
the topology of A due to braiding [24].
Conclusions.– We have quantified the effect of inter-
actions in the ground states of broad classes of topo-
logical phases of matter in all spatial dimensions. For
parafermion chains at the fixed point, we found that the
partition size does not affect the value ofDF . In contrast,
for 2D string nets the size of the boundary matters, but
not its geometry, while for Walker-Wang 3D models the
topology of the boundary also becomes relevant.
Surprisingly, we discovered that the Z2n parafermion
chains, as well as Z2n string-nets and Walker-Wang mod-
els, all have ground states with DF = 0 for any biparti-
tion at the fixed point. Based on similar arguments, it is
possible to show in such cases that DF = 0 holds also for
their excited states. Hence, the exciting possibility arises
that the fermionisation procedure we applied to the Z4
parafermion model could be extended to all these states.
Moreover, we numerically demonstrated that DF ≈ 0
continues to hold in the ground state and low-lying ex-
citations, even when the system is away from the fixed
point. However, the highly excited states typically have
DF 6= 0 away from the fixed point.
Identifying Gaussianity in the low-lying energy eigen-
states of a model can refine the notion of fermionisa-
tion procedures employed to solve quantum Hamiltoni-
ans. Such procedures are applicable, in the usual sense,
if a system has DF = 0 for all possible bipartitions and
in all its eigenstates, while at the same time the energy
spectrum is also free. A more subtle possibility appears
when DF = 0 for some eigenstates (and all cuts), but
the energy spectrum is not that of free fermions. We be-
lieve integrable systems [33] fall into this category. We
also note that DF = 0 in low-lying eigenstates is in prin-
ciple compatible with anyon statistics because the lat-
ter only emerges when one interpolates adiabatically be-
tween different sectors of the conserved charges of the
model [34]. Finally, in some non-integrable cases like
the Z4 parafermion model away from the fixed point,
we found that DF can surprisingly be zero in the ground
state and the low-lying excited states of the system. This
opens up the exciting possibility of describing the low-
energy sectors of such interacting systems in terms of
new types of free-particle models.
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In this Supplementary Material we discuss the ansatz and the derived upper bound for flat spectra. We then
present numerical evidence that the upper bound is the exact solution for flat spectra. We provide numerical
evidence for the zero-mode conjecture DF
(
1
2
(ρ⊕ ρ)) = DF (ρ) and the conjecture that the maximum value of the
interaction distance is DmaxF = 3 − 2
√
2. Furthermore, we support in detail the statement made in the main text
on the existence of an exact mapping of the ground state of the Z4 chain to that of Z2 × Z2 using the formalism
of matrix product states. Following on, we offer a simple proof for the exactness of the upper bound of DF for the
rank-6 maximally entangled state, inspired by ideas from order theory applied on free-fermion spectra. Next, we
calculate the distribution functions of DF which characterise the parafermion models and string-nets. Finally, we
calculate DF for the topologically distinct subregions of a 3D Walker-Wang model.
Optimal free ansatz for flat spectra.– Here we describe
in detail the construction of the optimal free-fermion de-
scription of a flat N -rank entanglement spectrum. We
guess that it is optimal to exactly match as many of the
highest probability levels as possible. The most that can
be matched are 2n, where n is the greatest integer such
that 2n ≤ N . Considering the entanglement energies,
i.e. negative logarithms of the eigenvalues of ρ, this is
achieved by requiring σ to contain n zero-modes. We
further assume that the optimal σ has only one further
non-trivial mode whose splitting parameter is now fixed
by the requirement that the first 2n levels of σ have eigen-
value N−1 leading to the form given in the main text:
σ ' diag(N−1, . . . , N−1, p, . . . , p), (1)
Then we can write σ as a tensor product of two-level
(fermion) modes as
σ '
⊗
i
diag
(
1
2
+ si,
1
2
− si
)
, (2)
where for n of the modes si = 0 and the one remaining
mode si = N
−12n − 1/2, ensuring that σ is free.
There are two contributions to the upper-bound
D(ρ¯, σ). The first is from the entanglement levels with
index 2n+1 ≤ k ≤ N for which the probability difference
is between N−1 and p, illustrated by the dashed lines be-
tween the top and middle rows of eigenvalues in Fig. 1.
The second is from levels with index N + 1 ≤ k ≤ 2n+1
for which the probability difference is between 0 and p,
illustrated by the dashed lines between the middle and
bottom rows of eigenvalues in Fig. 1. In the trivial case
where N = 2n for some n, then ρ¯(N) can be repro-
duced by n-many zero-modes and the spectrum is free
with DF = 0 as seen in Fig. 2.
We compared this analytic upper bound with results
from numerical optimisation for N up to 28, where we use
the same Monte-Carlo basin hopping strategy used suc-
cessfully previously for the 1D quantum Ising model in a
magnetic field [8]. For larger N the increasing size of the
optimisation problem results in the numerical minimisa-
tion failing to consistently find the global minimum. Re-
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σ
FIG. 1. Probability spectra showing the flat spectrum of
degeneracy N (including zeros padding the spectrum to the
next power of two) and the corresponding σansatz defined in
Eq.(2).
markably, numerical minimisation never finds results be-
low the analytic upper-bound making a convincing case
that this upper bound is in fact the exact result.
Numerical evidence for conjectures.– Here we provide
numerical evidence for conjectures regarding DF which
we state in the main text. In particular, we indicate
that the zero-mode conjecture, DF (ρ) = DF ( 12 (ρ ⊕ ρ)),
holds, as well as that the maximal possible value of the
interaction distance is DmaxF . As stated in Ref. [8], we
use a basin-hopping algorithm which collects values of
local minima via the Nelder-Mead method for each basin
of the cost function landscape. We show that apparent
violations of these conjectures correspond to cases where
the optimisation does not reach a global minimum and
increasing the number of basins results in the conjectures
holding true.
Let ρ represent a generic diagonal density matrix. Its
doubly degenerate version, 12 (ρ ⊕ ρ), can be interpreted
as the result of adding a zero-entanglement-energy in the
system, where entanglement energy is defined as the neg-
ative logarithm of a probability [13]. This becomes clear
when considering that each member of a degenerate pair
of eigenvalues corresponds to the zero-mode being occu-
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FIG. 2. Interaction distance DF (ρ¯) for flat spectra of rank
N . Results of numerical optimisation and the analytic upper
bound DF (ρ¯(N)) ≤ 3 − N2n − 2
n+1
N
are compared, revealing
that numerical optimisation never improves on the analytic
upper-bound. The numerical data features deviations above
the analytic curve which represent intermittent failure of find-
ing the global minimum.
pied or not. We compute DdiffF = DF (ρ)−DF ( 12 (ρ⊕ ρ))
for random diagonal density matrices. The distribution
P (DdiffF ) is peaked at zero indicating the validity of the
zero-mode conjecture, as shown in Fig.3 (Top). The
peak is more prominent when the number of basins is
increased. Note that DF ( 12 (ρ⊕ ρ)) ≤ D( 12 (ρ⊕ ρ), 12 (σ ⊕
σ)) = DF (ρ), where σ is the optimal free state of ρ. The
inequality holds because 12 (σ ⊕ σ) ∈ F is a member of
the variational class F . Thus, we attribute DdiffF < 0
to failure of the minimisation in finding the global mini-
mum for D( 12 (ρ⊕ ρ) due to the greater number of input
probabilities.
Regarding the maximal possible interaction distance,
we use yet again basin-hopping in order to perform the
maximisation maxρDF (ρ). For each instance of ρ, we
find DF by the Nelder-Mead method, with the condition
that if the cost function is greater than the conjectured
value 3 − 2√2, then basin-hopping is performed for a
large enough number of basins so that finding the global
minimum is better approximated, which we never find to
be above 3− 2√2 as shown in Fig.3 (Bottom).
Entanglement lattices.– Here we present a view of the
structure of free-fermion spectra in terms of order the-
ory, which aids in deriving exact results for DF in spe-
cial cases of flat spectra. Each level of a free entangle-
ment spectrum σ is labelled by a set of occupation num-
bers. We can define a partial order a  b for occupation-
pattern labels a and b to hold if and only if σa ≥ σb for
any free entanglement spectrum σ. This partial order
induces an equivalent covering relation a→ c if and only
if for any σ we have σa ≥ σc and there exists no other
pattern b such that σa ≥ σb ≥ σb. In Fig. 4 the vertices
are the occupation patterns and the arrows connecting
them are the covering relations, forming an example of a
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FIG. 3. (Top) Distribution P (DF ) of the difference be-
tween the interaction distance of random state ρ and its dou-
bly degenerate realisation 1
2
(ρ⊕ ρ). The sample contains 300
instances of ρ. Increasing the number of basins used in the
minimisations DF (ρ) and DF ( 12 (ρ⊕ρ)) respectively, indicated
as a tuple (legend), drives the distribution to a sharp peak.
(Bottom) Distribution of outputs of the maximisation of DF
performed 400 times for spectra of rank randomly selected be-
tween 3 and 8. Here, the number of basins in the minimisation
of DF is 30. The number of basins for the maximisation is
randomly selected from the set {5, 15, 50}. The maximisation
achieves the conjectured upper bound 3 − 2√2 ≈ 0.1716 but
never exceeds it.
Hasse diagram [35]. The example in Fig. 4 is the free en-
tanglement partial order F3 for the case of three modes.
The partial ordering of the occupation-pattern coordi-
nates is the strongest ordering compatible with any spec-
trum σ which assigns to each mode k an energy Ek which
is non-decreasing in k. This ordering is known as the
dominance order [36]. Another way of describing each
level is to instead count the occupation of each energy
gap. Occupying an energy mode is equivalent to occupy-
ing all the energy gaps beneath it, and the transformation
between the two pictures is known as majorisation. Each
energy-gap is non-negative but otherwise unconstrained
thus the strongest partial order compatible with all σ fol-
lows a coordinate order in these majorised coordinates.
Majorisation theory is a familiar topic in quantum infor-
mation and has been the source of many fruitful applica-
tions, see Refs. [37, 38] for example.
Each set of majorised coordinates can be related to a
Young diagram where the number of boxes in each col-
umn is the corresponding majorised coordinate and the
number of boxes in each row labels the energy level oc-
3cupied by each excitation (see Fig. 4). Choosing a cover-
ing relation to mean the addition of a single box to the
Young diagram defines a lattice known as Young’s lat-
tice, a sublattice of which can be identified as the free
entanglement lattice. If we were considering free boson
models instead of free fermions there would be no exclu-
sion of multiple occupancy and the entanglement lattice
would be isomorphic to Young’s lattice.
Theorem 1. DF (ρ¯(2n+1− 2)) = DF (ρ¯(2n− 1)) for any
integer n ≥ 1
Proof. The renormalisation step of the free entanglement
lattice shown in Fig. 4 is applied to DF by using the
triangle inequality on paired contributions to the cost
function
∑
a=0,1
∣∣ρpi(a,b) − σ(a,b)∣∣ ≥
∣∣∣∣∣ ∑
a=0,1
ρpi(a,b) −
∑
a=0,1
σ(a,b)
∣∣∣∣∣
≥
∣∣∣ρ′pi(b) − σ′(b)∣∣∣ , (3)
where pi is a map from the occupation numbers of σ to
the eigenvalue ordering of ρ. We denote with a the occu-
pation number of a distinguished mode and b is a tuple
carrying the occupancies of all the other modes. When
the degeneracy is N = 2n+1 − 2 there is no ambiguity
in the assignment of occupations to the spectrum of ρ
because the final two levels are always the fully occupied
pattern (1, 1, . . . ) and the same but without a particle in
the lowest energy mode (0, 1, . . . ). By integrating over
the occupations of the lowest energy mode in this way
we produce a renormalised σ′ and the renormalised flat
spectrum ρ′ which now has degeneracy N ′ = 2n − 1.
For the case of three fermionic modes this is illustrated
in Fig. 4 where the dashed ellipses group levels that are
integrated together in this procedure. This provides a
lower bound on DF (ρ¯(2n+1 − 2)) which is the same as
the upper bound found by considering the direct sum
ansatz 12 (σ ⊕ σ) demonstrating equality.
.
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(0, 0, 1)
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FIG. 4. Hasse diagram for the free fermion entanglement
lattice in the case of 3 fermionic modes (F3). Vertices contain
the Young diagrams which represent the occupation numbers
(n1, n2, n3) of the three modes with which they are labelled.
Grouped vertices are renormalised by integrating over the first
occupation number to give the vertices of F2.
Considering that we have an exact result DF (ρ¯(3)) =
1/6 [8] we find as a corollary that DF (ρ¯(6)) = DF (ρ¯(3)) =
1/6 and hence the flat-spectrum upper-bound is exact for
N = 6. This is the largest N for which we have such a
result besides powers of 2.
We refer to this technique as entanglement lattice
renormalisation and it appears a promising direction for
analytical methods to derive lower-bounds to DF , some-
thing which is challenging since it is defined by a minimi-
sation problem. The difficulty in applying this method
generally lies in dealing with all the different linear order-
ings compatible with the partial order. Theorem 1 falls
in the special case where the ordering could be ignored,
making it relatively simple.
Local equivalence between parafermion chain states.–
We have found that a Zpq chain and Zp × Zq chain have
equivalent entanglement and that this leads to DF = 0
for any eigenstate associated to any bipartition of a fixed-
point Z2n chain. We may wonder how this equivalence for
all cuts could be coherently extended to an equivalence
between states. This can be achieved for the fixed-point
parafermion chains as we will demonstrate. In particular
this means every eigenstate of a fixed-point Z4 chain is
equivalent to a Z2×Z2 chain according to a local unitary.
This problem can be approached by first construct-
ing a matrix product state (MPS) representation for
the ground states of parafermion chains [39]. A
translationally-invariant MPS representation is a decom-
position,
|ψ〉 =
∑
i1,··· ,iL
(η|
(
L∏
j=1
Γij
)
|ρ) |i1i2 · · · iL〉 (4)
into site-tensor Γ and environment vectors |ρ) and (η| [40,
41]. At the topological fixed point of a ZN parafermion
chain the site-tensor can be chosen as
j kΓ
i
=
1√
N
δi+j−k (modN), (5)
where the basis indexed by i is the basis of eigenvectors
of τ , with τ |i〉 = ωi |i〉. The bases indexed by j and k
are contracted and summed over as the matrix product
in (4). The environment vectors can be chosen as (η| =
(0| and |ρ) = |q) where q is the parafermionic parity of
|ψ〉. It’s simple to verify that the state (4) is indeed
normalised and also in the ground subspace of all the
terms in the Hamiltonian.
We turn the equation which states the local transfor-
mation between the two states into an equation involving
a gauge transformation, A, internal to the MPS, yielding
A A−1
U
Γ4 =
Γ2×2 (6)
4where Γ4 and Γ2×2 = Γ2 ⊗ Γ2 are site tensors for the Z4
and Z2×Z2 chain respectively and U is the local action of
the unitary transformation between the states. This is a
potentially difficult problem to solve in general, however
the states we consider are highly structured.
For each i we get a matrix-slice of the site-tensor Γi
which transforms under the gauge transformations as
Γi 7→ AΓiA−1. For the states we consider, we can use
this gauge transformation in order to choose a basis in
which every matrix-slice of both Γ4 and Γ2×2 is simul-
taneously diagonal. In this way the site tensors can be
interpreted as matrices, linear maps from the diagonal
entanglement vector space spanned by j = k to the phys-
ical vector space spanned by i. The equation for local-
unitary equivalence of Z4 and Z2×Z2 parafermion chains
then becomes
U
1
2

1 1 1 1
1 −i −1 i
1 −1 1 −1
1 i −1 −i
 = 12

1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1
 . (7)
This clearly has a solution for U as both matrices are
unitary. The same method applies to relating Zpq and
Zp × Zq chains for any p and q.
We now turn to examine excited states. The τ operator
creates a pair of excitations, a twist-antitwist pair. ...
j kΓ
τ
i
=
1√
N
ωiδi+j−k (modN) (8)
which is diagonal in the same gauge as the unexcited
site-tensor. The effect of τ on the matrices of eigen-
values for Zpq is to pre-multiply with a diagonal ma-
trix diag(1, ω, ω2, · · · ). Considering the composite sys-
tem Z2 × Z2 chain we can create excitations on either of
the two chains. The diagonal matrix thus formed features
only 1 and −1 as opposed to the powers of ω = e2pii/4
found for the Z4 case. If we demand that Eq.(7) is satsi-
fied after inserting diagonal unitaries it must be the case
that the two diagonal matrices have the same eigenval-
ues. For the case of Z4 and Z2 × Z2 this clearly isn’t
possible as their eigenvalues are distinct. This is a spe-
cial case of Zp×Zq for p and q with shared prime factors.
In conclusion, a single unitary cannot be chosen in this
case to map all the eigenstates of the Zp×Zq chain onto
the Zpq chain.
This is perhaps unsurprising because no symmetric
finite depth unitary circuit can map between distinct
symmetry-protected topological phases [42]. However,
our situation is slightly different as the unitary we con-
sider need not be symmetry preserving. Furthermore, its
locality is particularly restricted as a tensor product of
site-local unitaries. Even in this setting there does not
exist a single unitary which transforms all the eigenstates
of the Z4 chain to those of Z2 × Z2 chain. Nevertheless,
it is possible to find a different unitary in general for any
single eigenstate. Similarly, for the string-net models it
is clear that a unitary connecting Z4 and Z2 × Z2 for all
states cannot exist because these topologically ordered
phases cannot be adiabatically connected [43], but this
doesn’t preclude the possibility of local unitaries for in-
dividual states.
Distribution functions for Abelian string-nets.– Let the
degeneracy of the flat entanglement spectrum be χ = Nk
where N is the order of the associated Abelian group and
k = |∂A| − b0 is the number of independent degrees of
freedom on the b0-component boundary, ∂A. We seek the
distribution P (DF ) for these spectra obtained by varying
either N or k. As an intermediate step we will find the
density function for P (a), or equivalently P (α), where
a = log2 χ (mod 1) and α = 2
a are variables describing
the position of χ between powers of 2.
Consider first evaluating DF for varying k ∈ N, i.e.
the subsystem size, while keeping N fixed. If log2N is
irrational then a = k log2N (mod 1) for each k, which
uniformly samples the interval [0, 1] and hence P (a) = 1
over that interval. In Fig. 5 we compare this prediction
for fixed N against the sample of k up to 215 − 1.
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FIG. 5. Distribution P (a) for varying k in the cases of N = 3
and N = 35. The line is the analytic result P (a) = 1. The
markers are numerical results for a sample up to k = 215 − 1.
If we instead fix k = 1 and vary N ∈ N, while mapping
each interval between powers of 2 back onto the interval
α ∈ [1, 2], we find that it is densely and uniformly sam-
pled in the limit of the infinite sequence, giving P (α) = 1.
The case k = 1 refers to a rather unphysical subsystem
containing zero vertices and one edge going through the
cut, which is however equivalent to cutting a single in-
terval of lattice sites from the parafermion chain.
The situation is more complicated for k > 1. For in-
stance, when k = 2, region A corresponds to a disk en-
closing a single trivalent vertex. These sequences of spec-
tra are also found in the parafermion chain when region
A comprises k disjoint intervals. We first collapse all the
natural numbers into the interval [1, x] where x = 21/k in
5the same manner as for k = 1 to find P (β) = 1/(x− 1),
where β identifies a corresponding real number for that
integer in the interval. Notice that a = logx β and thus
P (a) = P (β)
dβ
da
=
ln 2
k
(
21/k − 1)2a/k. (9)
In Fig. 6 we show the validity of our prediction for fixed
k for sample obtained by varying N up to 218.
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FIG. 6. Distribution P (a) obtained by varying n for k =
1,2, and 200. The curves are the analytic result of (9). The
markers are numerical results for a sample up to N = 218.
Statistical errors are too small to be visible. We see that as
k is increased, P (a) approaches the uniform distribution as
expected.
Armed with the distributions P (a) or P (α) for the pro-
cesses under discussion we can straightforwardly calcu-
late the corresponding distributions for DF for fixed N ,
P (DF ) =
2/ ln 2√
1 +DF (DF − 6)
, (10)
which was presented in the main text, and for fixed large
k which is
P (DF ) =
3−DF√
1 +DF (DF − 6)
. (11)
Expanding the formula for fixed k in a Taylor series for
small 1/k we find
P (a) = 1+
(
a− 1
2
)
ln 2
k
+
(a− 12 )2 − 112
2
(
ln 2
k
)2
+O
(
1
k3
)
,
(12)
and hence
P (a) + P (1− a) = 1 +O
(
1
k2
)
. (13)
This implies that corrections to the large-k form of
P (DF ) are of order 1/k2 because P (DF ) is proportional
to P (a) + P (1 − a) for a such that DF (ρ¯(2a)) = DF .
These are the only two values of a to produce the same
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FIG. 7. Shows a topologically non-trivial toroidal cut of a
Walker-Wang model (left, [28]). A plot of DF against k-level
for a toroidal and a topologically trivial partition, both with
|∂A| = 3 (right).
DF and DF viewed as a function of a is invariant under
the transformation a 7→ 1− a.
Walker-Wang models.– While the string-net models
can be directly generalised to three spatial dimensions,
a more powerful generalisation has been recently given
in terms of the Walker-Wang models [11]. These mod-
els allow non-trivial braiding of the charges giving a rich
behaviour in their bulk and at their boundary [44, 45].
The entanglement spectrum for topologically triv-
ial cuts of a Walker-Wang model can be found in
the same way as for string-nets given by ρa =(∏
j∈a dxj
)
/D2(|∂A|−1) in the main text. Neverthe-
less, partitions with non-trivial boundary topology reveal
novel correlation properties [28]. To identify their effect
on the interaction distance we take the region A with a
boundary topologically equivalent to a torus, as shown
in Fig. 7 (Left). Among the allowed configurations in
the ground state is a braiding of loops with charges x
and y supported in A and B respectively, connected by
a string of charge z piercing ∂A [28]. Thus, the probabil-
ity spectrum should now encode information about the
non-trivial braiding of the charges. In Fig. 7 (Right) we
show DF for toroidal cuts of non-Abelian SU(2)k Walker-
Wang models as a function of the level k ≥ 2. Compared
to the spherical cut we see that the interaction distance
depends not only on the geometry of the cut but also
on the topology of ∂A. Its non-zero value indicates the
necessity of interactions for the existence of non-Abelian
topological order also in three dimensions.
